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Abstract
We establish existence, uniqueness and a priori bounds for the half-moment entropy approximation to radiative heat transfer.
The bounds are physically reasonable and underline the approximation properties of the system. We show numerical results to
illustrate the bounds.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction and main result
Radiative transfer plays a prominent role in many applications in physics and engineering. Especially when high
temperatures are involved, the effect of radiation becomes very important. Applications include astrophysics [16]
(stellar atmospheres), re-entry of space vehicles [19], combustion in gas turbine combustion chambers [7], industrial
glass cooling [13], and external photon beam radiotherapy [9].
Because of the nature of photon transport, the radiative heat transfer equations are still computationally very
expensive. Thus several approximate models have been introduced; cf. [5,17] for a review. Recently, the partial
moment minimum entropy approach has been developed in a series of papers [4,3,20,6]. It is our purpose in this
work to prove existence, uniqueness and physically reasonable bounds for the first member of this model hierarchy.
Analytical results concerning the existence and uniqueness of solutions to the transfer equation itself and to the
radiative heat transfer equations, where also energy conservation and additionally heat conduction are considered,
have been obtained by many authors. A rather recent review on methods for transport equations can be found
in [2]; cf. also [1]. The transfer equation together with energy conservation is considered in [8,15]. The issue of
heat conduction is addressed in [11,12,10]. Convection, conduction and radiation are treated in [18,14].
The half-moment entropy approximation to radiative transfer on the interval Ω = (0, 1) reads [3]
∂x F+ = κ(T 4 − E+), ∂x(χ+E+) = κ
(
1
2
T 4 − F+
)
, (1a)
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∂x F− = κ(T 4 − E−), ∂x(χ−E−) = κ
(
−1
2
T 4 − F−
)
. (1b)
To get a well posed problem we supplement this system with boundary data:
F+(0) = 12 T
4
l , F−(1) = −
1
2
T 4r , (2a)
(χ+E+)(0) = 13 T
4
l , (χ−E−)(1) =
1
3
T 4r . (2b)
The unknowns are macroscopic moments of the photon distribution I :
E+ =
∫ 1
0
I (μ)dμ, E− =
∫ 0
−1
I (μ)dμ, F+ =
∫ 1
0
μI (μ)dμ, F− =
∫ 0
−1
μI (μ)dμ
and μ is the direction cosine. The Eddington factors are defined by
χ±( f±) = 8 f
2±
1 ± 6 f± +
√
1 ± 12 f± − 12 f 2±
for the relative fluxes f± = F±/E±. The absorption coefficient is denoted by κ > 0. For simplicity, we have set the
Stefan–Boltzmann constant equal to one.
We denote the minimum and maximum temperature by
T = min
(
Tl , Tr , min
x∈Ω
T (x)
)
and T = max
(
Tl , Tr , max
x∈Ω
T (x)
)
.
The main result of this work is
Theorem 1. Let T ∈ C([0, 1]) be given. There exists a unique solution (E+, F+, E−, F−) ∈ [C1([0, 1])]4 to the
half-moment minimum entropy system (1) and (2). Furthermore, the solution satisfies the bounds
δT 4 ≤ E+ ≤ 1
δ
T 4, δT 4 ≤ E− ≤ 1
δ
T 4,
δT 4 ≤ F+ ≤ T 4, −T 4 ≤ F− ≤ δT 4,
δ ≤ f+ ≤ 1, 1 ≤ f− ≤ −δ.
Here, δ is the unique solution to χ+(δ) = δ2 in ]0, 12 [.
In particular, the bounds on the relative fluxes f± are responsible for the success of the half-moment minimum
entropy model. These bounds ensure that the model has the correct free-streaming limit. Many prominent models, like
PN and diffusion type models, do not have this feature.
In the next section, we will rewrite the model equations and state some properties. After that, we will establish the
a priori bounds, which will also ensure existence and uniqueness by a continuation argument.
2. Preliminaries
In the following discussion, we will restrict ourselves to the “+” equations. All the results for the “−” equations
can be proven in analogy.
We define the functions h+( f+) def= ∂ f χ+( f+) and g+( f+) def= χ+ − f+h+( f+). A direct calculation shows
Lemma 2. For 0 ≤ f+ ≤ 1 the estimates
f 2+ ≤ χ+( f+) ≤ 1
−1 ≤ g+( f+) ≤ 0
0 ≤ h+( f+) ≤ 2
hold.
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Using h+ and g+, the system can be written as
∂x F+ = κ(T 4 − E+)
(g+∂x E+ + h+∂x F+) = κ
(
1
2
T 4 − F+
)
.
We introduce for δ ∈ (0, 1) the cut-off functions
hδ+( f+) =
⎧⎨
⎩
∂ f χ+(δ), f+ ≤ δ,
∂ f χ+( f+), δ ≤ f+ ≤ 1,
2, f+ ≥ 1,
gδ+( f+) =
⎧⎨
⎩
χ+(δ) − f+hδ+(δ), f+ ≤ δ,
g+( f+), δ ≤ f+ ≤ 1,
−1, f+ ≥ 1,
and consider the auxiliary system
∂x F+ = κ(T 4 − E+) (3a)
∂x E+ = κ
(
−h
δ+
gδ+
(
T 4 − E+
)
+ 1
gδ+
(
1
2
T 4 − F+
))
. (3b)
3. A priori bounds
Lemma 3. Let T ∈ C([0, 1]) be given. A solution (F+, E+) ∈ [C1([0, 1])]2 of system (3) fulfills
F+ ≤ E+.
Proof. Assume that F+ ≥ E+ at one point x0 ∈ (0, 1). Then there is a point x1 ∈ (0, 1) in which
(F+ − E+) = 0 and ∂x(F+ − E+) > 0.
But at x1 we have f+ = 1; thus
∂x(F+ − E+) = κ
((
1 + h
δ+
gδ+
)(
T 4 − E+
)
− 1
gδ+
(
1
2
T 4 − F+
))
= κ
(
−
(
T 4 − E+
)
+
(
1
2
T 4 − F+
))
= −1
2
T 4 ≤ 0,
which contradicts the assumption. 
Lemma 4. Let T ∈ C([0, 1]) be given. A solution (F+, E+) ∈ [C1([0, 1])]2 of system (3) satisfies
F+ ≥ δE+,
where δ ∈ ]0, 12 [ is uniquely defined by χ+(δ) = δ2 .
Proof. Let us assume that there is a point at which
(F+ − δE+) = 0 and ∂x(F+ − δE+) < 0.
But at this point
∂x(F+ − δE+) = κ
(
1 + δ
gδ+
(
hδ+ −
1
2
))
︸ ︷︷ ︸
=0 for F+=δE+
T 4 + κ
(
δ
gδ+
F+ −
(
1 + δh
δ+
gδ+
)
E+
)
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Fig. 1. Upper bound f+ ≤ 1.
= κ δF+ − g
δ+E+ − hδ+δE+
gδ+
= κ δF+ − χ+(δ)E+
gδ+
≥ κ δ
2 − χ+(δ)
gδ+
E+ ≥ 0. 
Lemma 5. Let T ∈ C([0, 1]) be given. A solution (F+, E+) ∈ [C1([0, 1])]2 of system (3) fulfills
(a) δT 4 ≤ F+ ≤ T 4,
(b) δT 4 ≤ E+ ≤ 1δ T
4
.
Proof. We have
∂x F+ = κ(T 4 − E+) ≥ κ
(
T 4 − 1
δ
F+
)
= κ
δ
(δT 4 − F+).
Thus δT 4 is a subsolution and we conclude that F+ ≥ δT 4. The second inequality in assertion (a) follows from the
estimate
∂x F+ = κ(T 4 − E+) ≤ κ(T 4 − F+).
Assertion (b) is a direct consequence of assertion (a) and Lemmas 3 and 4. 
Proof of Theorem 1. From Lemmas 3–5 we conclude that the systems (1) and (3) are indeed equivalent. Furthermore,
any solution (F+, E+) ∈ [C1([0, 1])]2 of system (1) is uniformly bounded. Thus, the unique local solution to (1) can
be continued to a solution on the whole interval. 
4. Numerical results
In this section, we present numerical results which illustrate the upper and lower bounds on the relative flux.
For the upper bound on the relative half-flux, f+ ≤ 1, we consider a highly absorbing medium with absorption
coefficient κ = 20 (Fig. 1). The temperature T = 1 of the medium can be neglected compared to the temperature
Tl = 1000 of the left wall. A heat wave propagates into the medium. While that happens, the photon distribution is
weakened and becomes forward-peaked, thus leading to a relative half-flux close to 1.
The lower bound is reached in an opposite physical setting. The temperature Tl = 1 of the left wall is small and
there is a steep temperature gradient inside the medium, T (x) = 1 + 9999x4, and little absorption, κ = 0.2. This
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Fig. 2. Lower bound f+ ≥ δ ≈ 0.2857.
means that there is basically no heat transfer from left to right. Thus f+ approaches its minimum value δ ≈ 0.2857
(Fig. 2).
References
[1] V. Agoshkov, On the existence of traces of functions in spaces used in transport theory problems, Sov. Math. Dokl. 33 (1986) 628–632.
[2] V. Agoshkov, Boundary Value Problems for Transport Equations, Birkha¨user, Boston, 1998.
[3] B. Dubroca, M. Frank, A. Klar, G. Tho¨mmes, Half space moment approximation to the radiative heat transfer equations, ZAMM 83 (2003)
853–858.
[4] B. Dubroca, A. Klar, Half moment closure for radiative transfer equations, J. Comput. Phys. 180 (2002) 584–596.
[5] M. Frank, Approximate models for radiative transfer, Transp. Theory Stat. Phys. (2005) (submitted for publication).
[6] M. Frank, B. Dubroca, A. Klar, Partial moment entropy approximation to radiative transfer, J. Comput. Phys. (in press).
[7] M. Frank, M. Seaı¨d, J. Janicka, A. Klar, R. Pinnau, A comparison of approximate models for radiation in gas turbines, Progr. Comput. Fluid
Dyn. 4 (2004) 191–197.
[8] F. Golse, B. Perthame, Generalized solution of the radiative transfer equations in a singular case, Commun. Math. Phys. 106 (1986) 211–239.
[9] H. Hensel, R. Iza-Teran, N. Siedow, Deterministic model for dose calculations in photon radiotherapy, Phys. Med. Biol. 51 (2006) 675–693.
[10] C.T. Kelley, Existence and uniqueness of solutions of nonlinear systems of conductive radiative heat transfer equations, Transp. Theory Stat.
Phys. 25 (1996) 249–260.
[11] M.T. Laitinen, T. Tiihonen, Integro-differential equation modelling heat transfer in conducting, radiating and semitransparent materials, Math.
Methods Appl. Sci. 21 (1998) 375–392.
[12] M.T. Laitinen, T. Tiihonen, Conductive–radiative heat transfer in grey materials, Quart. Appl. Math. 59 (2001) 737–768.
[13] E.W. Larsen, G. Tho¨mmes, A. Klar, M. Seaı¨d, T. Go¨tz, Simplified Pn approximations to the equations of radiative heat transfer in glass, J.
Comput. Phys. 183 (2002) 652–675.
[14] O. Lopez-Pouso, Trace theorem and existence in radiation, Adv. Math. Sci. Appl. 10 (2000) 757–773.
[15] B. Mercier, Application of accretive operators theory to the radiative transfer equations, SIAM J. Math. Anal. 18 (1987) 393–408.
[16] D. Mihalas, B. Weibel-Mihalas, Foundations of Radiation Hydrodynamics, Dover, 1999.
[17] M.F. Modest, Radiative Heat Transfer, 2nd ed., Academic Press, 1993.
[18] M.M. Porzio, O. Lopez-Pouso, Application of accretive operators theory to evolutive combined conduction, convection and radiation, Rev.
Mat. Iberoam. 20 (2004) 257–275.
[19] R. Turpault, Modelisation, approximation nume´rique et applications du transfert radiatif en de´se´quilibre spectral couple´ avec
l’hydrodynamique, Ph.D. Thesis, Universite´ Bordeaux I, 2003.
[20] R. Turpault, M. Frank, B. Dubroca, A. Klar, Multigroup half space moment approximations to the radiative heat transfer equations, J. Comput.
Phys. 198 (2004) 363–371.
